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Alice and Bob in an anisotropic expanding spacetime
Helder A. S. Costa∗ and Paulo R. S. Carvalho†
Universidade Federal do Piau´ı, Departamento de F´ısica, 64049-550, Teresina, PI, Brazil
We investigate a quantum teleportation process between two comoving observers Alice and Bob
in an anisotropic expanding spacetime. In this model, we calculate the fidelity of teleportation and
we noted an oscillation of its spectrum as a function of the azimuthal angle. We found that for
the polar angle φ = pi
2
and the azimuthal angle θ 6= 3pi
4
+ nπ with n = 0, 1, 2, ... the efficiency of
the process decreases, i.e., the fidelity is less than one. In addition, it is shown that the anisotropic
effects on the fidelity becomes more significative in the regime of smooth expansion and the limit
of massless particles. On the other hand, the influence of curvature coupling becomes noticeable in
the regime of fast expansion (values of ρ
ω
≫ 1).
PACS numbers: 03.67.Mn; 03.65.Ud; 04.62.+v
I. INTRODUCTION
Quantum teleportation is a fundamental tool for the
transmission of quantum information [1, 2] where a
sender (Alice) transmits an unknown quantum state to a
remote receiver (Bob) via a quantum channel. In a per-
fect scheme, the sharing of a maximally entangled states
between the sender and the receiver is a good example of
quantum channel [3]. However, in [4–6] was showed that
the entanglement is an observer dependent quantity and
sensible to noinertial motion, which can result in loss of
coherence.
Recently, motivated by the development of relativistic
quantum information [7], a series of theoretical studies
has showed that the standard teleportation protocol of
Bennett et al. (also called the BBCJPW protocol) [1]
present peculiar behave in a relativistic setting [8–11].
For example, in [8, 9] the quantum teleportation between
two observers in relativistic motion (Alice at rest and Bob
uniformly accelerated) was investigate in order to study
how fidelity is considerably reduced by the Unruh effect
[12]. Moreover, in [11] was showed that the fidelity of a
teleported state between Alice who is far from the horizon
and Bob locates near the event horizon of a Schwarzschild
black hole is degraded because of the Hawking effect [13].
It is worth mentioning that the relevance of these inves-
tigation has been to understand some quantum gravita-
tional effects in quantum information framework.
In a previous work [14], we studied the quantum tele-
portation in an isotropic expanding spacetime. It was
show that the expansion leads to the reduction of the
quality of the teleportation, as measured by the fidelity.
However, in a realistic situations, it is worth investigating
the influence of an anisotropic perturbation of the met-
ric on a quantum teleportation process in an expanding
spacetime. This is the main purpose of this Letter which
is organized as follows. In Section 2, we present the model
of anisotropic spacetime and explicitly compute the Bo-
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golyubov coefficients for a scalar field. In Section 3, we
study the teleportation of a qubit between two comoving
observers Alice and Bob in an expanding spacetime. In
Section 4, we show how the fidelity of a teleported state
between Alice and Bob in the distant future, after space-
time expansion saturates, is affected by the anisotropy.
Finally, a summary of the main results fo this work is
presented in Section 5.
II. THE MODEL
In a general curved spacetime, the Lagrangian density
for a massive scalar field φ(x) is given by
L = 1
2
√−g[gµν∂µφ∂νφ− (m2 + ξR)φ2] (1)
where gµν is the metric with determiant g, R is the Ricci
scalar curvature and ξ dimensionless paramete. Two val-
ues of ξ are of particular interest: for ξ = 0, the field is
said to be minimally coupled to the metric and for ξ = 16 ,
(1) is conformally invariant in the massless limit.
In particular, let us consider a specific model of an
anisotropic universe, a Bianchi Type I spacetime, with
line element
ds2 = dt2 −
3∑
j=1
a2j (t)dx
2
j , (2)
where aj(t) are arbitrary functions of time. This describe
a spatially homogeneous but non-isotropic toy universe.
Following [15–17], we consider the scale factors aj(t) =
1 + hj(t) where the perturbation hj(t) is assumed to be
small, i.e., max|hj(t)| ≪ 1. In terms of the conformal
time coordinate dη = a−1(t)dt, the metric (2) reads
ds2 = a2(η)
[
dη2 −
3∑
j=1
(1 + hj(η))dx
2
j
]
. (3)
As an example, let us now assume hj(t) to be
hj(t) = e
−ρη2 cos(ǫη2 + δj), (4)
2with δj =
pi
2 ,
pi
2 +
2pi
3 ,
pi
2 +
4pi
3 . It is worthy mention that
this choice satisfies the condition
∑3
j=1 hj(t) = 0. The
dynamics of scalar field φ in the conformal observer frame
is given by
∂2ηφ+ 2
a′(η)
a(η)
∂ηφ−∇2φ+ a2(η)(m2 + ξR)φ = 0, (5)
where the prime denotes derivatives with respect to con-
formal time. Because of spatial translation invariance of
the spacetime, the solution of the Eq. (5) may be written
as
φk(x) = (2π)
− 3
2 a−1(η)eik·xfk(η), (6)
where to leading order in hj, fk(η) satisfies[
ηµν∂µ∂ν +m
2
]
fk(η) + V (η)fk(η) = 0, (7)
with
V (η) = [a2(η) − a2(−∞)]m2 + (ξ − 1
6
)a2(η)R(η)
−
3∑
j=1
hj(η)k
2
j .
By imposing the conditions [15, 16]:
a2(η)R(η)→ 0 as η → ±∞ if ξ 6= 1/6,
hj(η)→ 0 as η → ±∞,
a2(η)→ a2(±∞) <∞ as η → ±∞ if m 6= 0,
(8)
we may treat V (η) as small to solve Eq. (7) by iteration
to the lowest order in V (η) in terms of the momentum
space propagator. Thus the integral form of the Eq. (7)
becomes
fk(η) = f
in
k (η)−
∫ ∞
−∞
Gr(η, η
′)V (η′)fk(η
′)dη′, (9)
where f ink (η) is the free-wave solution propagating from
the in-region, defined by f ink (η) = (2ω)
− 1
2 e−iωη, with ω =√
k2 +m2. The propagator Gr(η, η
′) satisfies[
ηµν∂µ∂ν +m
2
]
Gr(η, η
′) = δ(η − η′) , (10)
and, in momentum space, reads
Gr(η, η
′) =
1
2π
∫
e−ik
′
0(η
′−η)
k′20 − ω2k − iε
dk′0 . (11)
The momentum integral can be performed by closing the
integration contour in the upper-half complex momen-
tum plane. However, for the calculation of the Bogoli-
ubov coefficients, it suffices to notice that in the limit
η −→ ∞, fk(η) can be written in terms of the mode
functions f ink (η) as
foutk (η) = (2ω)
− 1
2
[
αke
−iωη + βke
iωη
]
, (12)
where the Bogoliubov coefficients results as
αk = 1+
i√
2ω
∫ ∞
−∞
eiωη
′
V (η′)fk(η
′)dη′,
βk = − i√
2ω
∫ ∞
−∞
e−iωη
′
V (η′)fk(η
′)dη′. (13)
To the lowest order in V (η) we have fk(η) ∼= f ink (η), and
Bogoliubov coefficients become
αk = 1 +
i
2ω
∫ ∞
−∞
V (η′)dη′,
βk = − i
2ω
∫ ∞
−∞
e−2iωη
′
V (η′)dη′. (14)
Now, let us consider a scale factor a2(η) which allows us
to calculate the Bogoliubov coefficients and satisfy the
conditions (8):
a2(η) = 1 + ǫ(1 + tanh(ρη)), (15)
where the rate of spacetime expansion is given by the
parameter ρ and the total amount of expansion by ǫ.
a2(η) represents conveniently a spacetime that undergoes
a period of smooth expansion and becomes flat in the
distant past (in-region)(η → −∞) and in the far future
(out-region)(η → +∞). By inserting in αk and βk the
explicit form of V (η) and a2(η), we can write αk and βk
as
αk = 1 + α
(m)
k + α
(ξ)
k + α
(h)
k ,
βk = β
(m)
k + β
(ξ)
k + β
(h)
k ,
(16)
where to leading order in ǫ we find
α
(m)
k =
iǫm2
ω
, (17)
β
(m)
k = −
m2ǫ
2ωρ
π
sinh(piω
ρ
)
, (18)
α
(ξ)
k = (ξ −
1
6
)
iρ
12ǫω
[(ǫ+ 1) ln(2ǫ+ 1)− 2ǫ], (19)
β
(ξ)
k = (ξ −
1
6
)
ωǫ
6ρ
π
sinh(piω
ρ
)
, (20)
α
(h)
k =
i
√
π
2ω
3∑
j=1
k2jRe
(
e−iδj√
ρ+ iǫ)
)
, (21)
β
(h)
k = −
√
π
2ω
3∑
j=1
k2jRe
(
e−iδj+i
π
2
− ω
2
ρ+iǫ
√
ρ+ iǫ)
)
. (22)
Notice that the Bogoliubov coefficients have direct de-
pendence on the mass m, on the coupling constant ξ and
on the anisotropy parameter hj . In the following we will
investigate the influence of each of these independent con-
tribution on a quantum teleportation protocol.
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Figure 1. Illustration of a quantum teleportation protocol
between two comoving observers in an expanding spacetime.
In the distant past, two comoving observers Alice and Bob
shared a maximally entangled state. Furthermore, Alice pos-
sesses an additional qubit that she wants to teleport to Bob
in the distant future, after spacetime expansion saturates.
III. QUANTUM TELEPORTATION
Let us consider the following gedanken experiment:
two comoving observers Alice and Bob in an expanding
spacetime shared the maximally entangled in the distant
past
|β〉 = 1√
2
(|0inA 〉|0inB 〉+ |1inA 〉|1inB〉) . (23)
where states |0A〉 and |1A〉 are defined in terms of the
dual-rail basis as suggested in [8], |0A〉 = |1A1〉|0A2〉,
|1A〉 = |0A1〉|1A2〉, with similar expression for Bob’s cav-
ity. Here we suppose that each observed supports the or-
thogonal modes k1, k2 of the same frequency of a massive
scalar field, labeled respectively as Ai and Bi, i = 1, 2.
As depicted in Fig. 1, Bob perceives Alice receding
away from him in his local inertial frame during the pe-
riod of spacetime expansion. Besides, Bob must be con-
fronted with the fact that this vacuum state becomes an
two-mode squeezed state in the distant future:
∣∣0outBi 〉 =√1− γk
∞∑
n=0
(
βk
αk
)n
|nki , n−ki〉,
where γk =
∣∣∣ βkαk
∣∣∣2. Similarly, the one-particle state be-
comes
∣∣1outBi 〉 = (1− γk)
∞∑
n=0
(
βk
αk
)n√
n+ 1|n+ 1ki, n−ki〉.
In order to establish the standard teleportation protocol,
let us assume a unknown qubit, in Alice’s possession, that
she wants to teleport to Bob. This qubit state may be
written in the dual-rail bases as: |ψ〉 = a|0〉 + b|1〉. In
the total system, the full input state is given by |ψ0〉 =
|ψ〉|β〉. In the following, Alice will then make a local joint
measurement on her two qubits in the distant future.
According to the outcome Alice’s measurement, the Bob
state would be projected into
ρk1,k2ij = Tr−k1,−k2
(|φouti,j 〉〈φouti,j |) (24)
where |φouti,j 〉 = xij |0outB 〉+yij|1outB 〉 and there are four pos-
sible conditional state amplitudes given by (x00, y00) =
(a, b), (x01, y01) = (b, a), (x10, y10) = (a,−b), (x11, y11) =
(−b, a). The density matrix ρk1,k2ij has a block diagonal
form. Considering the density matrix for the n = {0, 1, 2}
excitation sectors, we find
ρk1,k2ij = (1− γk)3

0 0 00 ρ1 0
0 0 ρ2

 ,
with
ρ1 =
( |xij |2 xijy∗ij
x∗ijyij |yij |2
)
,
ρ2 =

 2γk|xij |2
√
2γkxijy
∗
ij 0√
2γkx
∗
ijyij γk
√
2γkxijy
∗
ij
0
√
2γkxijy
∗
ij 2γk|yij |2

 .
Here we have used the basis
{|00〉, |01〉, |10〉, |02〉, |11〉, |20〉}. Notice that the ex-
citation sectors has probability: p0 = 0, p1 = (1 − γk)3,
and p2 = (1 − γk)3γk. Finally, the teleportation will be
complete when Alice send the result of her measurement
{i, j} to Bob through a classical channel. After Bob
receives the message from Alice, he performs a unitary
operation on his qubit to transform it to the desired
state |ψ〉. It is noteworthy to mention that if Alice makes
the measurement in the distant past but Bob waits until
the distant future before receiving Alice’s message and
applying the relevant unitary, then she does not need
to remain in causal contact; in this case, all is needed
is that he gets the measurement’s result before falling
out of causal contact. The results one would obtain for
the fidelity under this setup are however the same. In
addition, the roles of Alice and Bob may be exchanged,
as they are both comoving observers.
The performance of the teleportation is quantified by
the teleported state fidelity Fk = Tr
(
|ψ〉〈ψ|ρk1,k2ij
)
, de-
fined as the overlap of the teleported state |ψ〉 and the
density matrix ρk1,k2ij . In terms of Bogoliubov coefficients
4βk and αk, the fidelity turns out to be
Fk(ρ, ǫ, h) =
(
1−
∣∣∣∣βkαk
∣∣∣∣
2
)3
,
=

1−
∣∣∣∣∣ β
(m)
k + β
(ξ)
k + β
(h)
k
1 + α
(m)
k + α
(ξ)
k + α
(h)
k
∣∣∣∣∣
2


3
(25)
This result, together with (17, 18, 19, 20, 21, 22), allows
us to determine the influence of the anisotropic perturba-
tion on a teleportation protocol in an expanding space-
time.
IV. RESULTS AND DISCUSSION
In order to realize the plots, let us assume that
wavevector
−→
k = (k1, k2, k3) has a general direction spec-
ified by spherical coordinates (k, θ, φ) as
−→
k = k sin θ cosφxˆ + k sin θ sinφyˆ + cos θzˆ,
where k2 = k21 + k
2
2 + k
2
3 . Notice that the effects of
the anisotropy is expected to depend upon the direc-
tion of the particle momentum. Thus, the influence of
anisotropy on the fidelity of a teleported state between
Alice and Bob in the distant future can be quantified by
the azimuthal angle θ and/or the polar angle φ.
The fidelity (25) have been plotted in Fig. (2) as a
function of azimuthal angle θ, for different values of pa-
rameter ρ. We can observer from Fig. (2) that the spec-
tral behavior of the fidelity oscillates as a function of θ.
This shows that the fidelity is sensible to the direction of
the particle momentum.
Other interesting thing to note in Fig. (2) is that the
amplitude of the oscillation due to anisotropy decrease
with the cosmological parameter ρ grows. This suggests,
as expected, that the anisotropic effects on the fidelity
becomes more significative in the regime of smooth ex-
pansion.
Let us now examine the influence of mass on the per-
formance of our protocol. In Fig. (3) we can see that
the amplitude of the oscillation of fidelity decrease as
m increases. Thus, the contribution of the anisotropic
perturbation is expected to be more significative when
particles are light.
Concerning the role played by the parameter of the
coupling ξ on the fidelity. Figures 2 and 3 show that the
influence of curvature coupling becomes imperceptible in
the regime of smooth expansion, i.e., when ρ
ω
≤ 1. In
particular, particles with mass m = 1 and momentum
k = 1, the regime of smooth expansion correspond to
values of ρ ≤ 1.41. Only in the regime of fast expansion
(values of ρ
ω
≫ 1) which implies in the limit of massless
particles and small values of momentum k, the contribu-
tion of coupling becomes more relevant (or noticeable)
on the spectral behaviour of fidelity, see Fig. (4).
(a)
(b)
Figure 2. Fidelity as a function of the azimuthal angle θ for
different values of the parameter ρ: ρ = 1 (red line), ρ = 5
(blue line) and ρ = 10 (green line). Here we have fixed k =
1, m = ǫ = 0.1 and φ = pi
2
. The plots (a) and (b) show
the results for the minimal coupling (ξ = 0) and conformal
coupling (ξ = 1
6
).
(a)
(b)
Figure 3. Fidelity as a function of the azimuthal angle θ for
different values of the parameterm: m = 0 (red line), m = 0.5
(blue line) and m = 1 (green line). Here we have fixed k = 1,
ρ = 1, ǫ = 0.1 and φ = pi
2
. The plots (a) and (b) show
the results for the minimal coupling (ξ = 0) and conformal
coupling (ξ = 1
6
).
5Figure 4. Fidelity as a function of the azimuthal angle θ
for different values of the parameter ξ: ξ = 0 (red line) and
ξ = 1/6 (blue line). Here we have fixed m = 0, k = 1, ρ = 20,
ǫ = 1 and φ = pi
2
.
The above results suggest that there is a privileged
value of azimuthal angle θ for which the expansion of
spacetime leads to a reduction of the fidelity. Notice
that for the polar angle φ = pi2 and the azimuthal an-
gle θ ≈ 3pi4 + nπ with n = 0, 1, 2, ... the qubit of Alice
can be teleported with maximum value of fidelity F ≈ 1.
On the other hand, if the azimuthal angle is chosen such
that θ 6= 3pi4 + nπ, then the efficiency of the process de-
creases. We benefit from this special behavior that the
fidelity presents at a specific direction of the momentum
to design method to extract information on possible con-
sequences of the presence of anisotropic perturbation on
quantum communication in an expanding spacetime.
V. CONCLUSIONS
In summary, we have studied a quantum teleportation
process between two comoving observers in an anisotropic
expanding spacetime. An oscillation of fidelity in func-
tion of the azimuthal angle has been observed. We found
that for the polar angle φ = pi2 and the azimuthal an-
gle θ 6= 3pi4 + nπ with n = 0, 1, 2, ... the efficiency of the
process decreases, i.e., the fidelity is less than one. In ad-
dition, we show that the anisotropic effects on the fidelity
becomes more significative in the regime of smooth ex-
pansion and the limit of massless particles. On the other
hand, we found that the influence of curvature coupling
becomes noticeable in the regime of fast expansion (val-
ues of ρ
ω
≫ 1). Our results suggest that the presence of
a small disturbance in the metric (anisotropic perturba-
tion) affects significantly the performance of a teleporta-
tion protocol in an expanding spacetime.
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